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VECTORS

C1A.

C1B.

C1C.

C2.

Vectors & Their Representation :
Vector quantities are specified by definite magnitude and definite directions. A vector is generally rep-

resented by a directed line segment, say AB . Ais called the initial point & B is called the terminal point. The
magnitude of vector AB is epxressed by | AB |

Types of Vectors
Zeroor Null Vector :

A vector of zero magnitude is a zero vector i.e. which has the same initial & terminal point, is called a Zero
Vector. It is denoted by O. The direction of zero vector is indeterminate or arbitrary.

Unit Vector :

A vector of unit magnitude in the direction of a vector & is called unit vector along & and is denoted by a

-~ a
symbolically, a=—.
EY
Equal Vectors :

Two vectors are said to be equal if they have the same magnitude, direction & represent the same physical
quantity.

Collinear Vectors :

Two vectors are said to be collinear if their directed line segment are parallelirrespective of their directions.
Collinear vectors are also called parallel vectors. If they have the same direction they are named as like
vectors otherwise unlike vectors.

Symbolically, two non zero vectors Zandb are collinear if and only if, 4= Kb, whereK e R

f A A _ay a, a
\ectors d=a, i +a,j+ask and b =b,i+b,j+b,k arecollinear if - =—2=—2

b, b, by
Coplanar Vectors :

A given number of vectors are called coplanar iftheir line segments are all parallel to the same plane. Note
that “Two Vectors Are Always Coplanar”.

Angle Between two Vectors

It is the smaller angle formed when the initial points or the /%5\
terminal points of the two vectors are brought together.
It should be noted that 0° < 6 < 180°. ) R
Position Vector Of A Point :

i \ . n . . — B(b)
Let O be a fixed origin, then the position vector of a point P is the vector OP . b—a
If 4 and b are position vectors of two points A and B, then A(a)

AB'=b=a = position vector of B — position vector of A,
Practice Problems :

Find a unit vector in the direction of AB, where A(1, 2, 3) and B(4, 5, 6) are the given points.

Find a vector in the direction of the vector a= (3i+j) that has magnitude 5 units.

If éi,B are the vectors forming consecutive sides of a regular hexagon ABCDEF, express the vectors

_—— — —— —— —— ——

CD.DE,EF.FA,AC,AD,AE and CE intermsof aandb.
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A c (1) | ——it+——j+—k| (@ |—=i+—]j|@3 =b-3a, —b-3 ,
[Answers ()[\/5 +\/§J+£]()[TO|+ _101]()CD b-a, AF=b-3d

AE =2b-3, CE=b-24]

C3. Direction Ratios and Direction Cosines of a \Vector

Consider a vector ¥ =ai + b] +ck . Then, the numbers a, b, ¢ are called the direction ratios of F .

a b and n= ¢

,m= —_—
Va2 +b? +¢?2 Va2 +b? +¢2 vaZ+b?+c?

If I, m, n are the direction cosines of a vector then we always have (12 + m? + n?) = 1.

Direction cosines of ¥ are given by | =

Practice Problems :

1 If A(1, 2, -3) and B(-1, -2, 1) are two given points in space then find (i) the direction ratios of AB
and (ii) the direction cosines of AB.
-1

[Answers : (1) () (-2, 4, 4) (i) —- ‘?Zé]

C4. Distance Formula

Distance between the two points A(3) and B(b) is AB = |a—=b|

Practice Problems :

1. Let a, B, y be distinct real numbers. Prove that the points with position vectors i+ B]+ylA< ,

Bi+vj+ak, yi+oj+pk forman equilateral triangle.

C5.  Section Formula
If 4 and b are the position vectors of two points A & B then the postion vector of a point which divides AB

na+mb
m+n

in the ratiom : nis given'by: r =

. o a+b
Note postion vector of mid point of AB = —

Practice Problems :

1. The position vectors of two vertices and the centroid of a triangle are ?+],2i—]+f< and k
respectively. Find the position vector of the third vertex of the triangle ?

[Answers : (2) - 3i+ 2k ]

C6.  Operation on Vectors :
C6A. Addition Of Vectors :

o If two vectors &b are represented by OA & OB , then their sum @+b is a vector represented by OC,
where OC is the diagonal of the parallelogram OACB.
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a+b = b+a(commutative)
(a+b) = a+ (b+c)(associativity)
d+0=a=0+4a
d+(-a)=0=(-3)+a
|a+bl<|d|+|b|
|a-b|[|a|-[bl|

A vector in the direction of the bisector of the angle between the two vectors é&Bisl%al+%. Hence
a

bisector of the angle between the two vectors dandb is Ala+ 6) , Where A e R*. Bisector of the exterior
angle between &b is A(A—b), A € R".

Multiplication Of A Vector By A Scalar :

If d isavector & misascalar, then ma isa vector parallel to @ whose modulus is|m|times that of a . This
multiplication is called Scalar Multiplication. If dandb are vectors & m, nscalars, then :
m(a)=(a)m=ma m(na) = n(ma) = (mn)a

(M+n)a=ma+na m(a+b)=ma-+mb
Scalar Product Of Two Vectors :
Geometrical interpretation of Scalar Product

Let 4 and b be vector represented by OA and OB respectively. Let 0 be the angle between OA and OB .

Draw BL L OAand AM L OB.
From As OBL and OAM, we have OL = OB cos 6 and OM = OA cos 0. Here OL and OM are known as

projections of b on 3 and @ on b respectively.
Now, ab = |a||bcos®

= |a| (OBcos0)

= lal (OL)

N (Magnitude of ) (Projection of b on a@) ....(&I)

ol
Tl
1

Again |a||b|cos®=|b|(|d|cos6)

= |b|(OACcosH)
= |b|(OM)

= (magnitude of b) (Projection of dandb ....(ii)

Thus geometrically interpreted, the scalar product of two vectors is the product of modulus  of either
vector and the projection of the other in its direction.
535

i.i=jj=kk=1; ij=jk=ki=0 = projection of aon b= £
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2 ifd=aji+aj+ak&Db=bi+bj+bkthen ab =ab +ab,+ap,

|d|=a2 +a2+a2, |Bl= /b2 + b2 +b2

3 the angle ¢ between dand b is given by cos¢ = | jll.le | 0<¢<m
a

4, a.b=|4||b| cos 6 (0<6<mn), note that if 0 is acute then a.b >0 if 0 is obtuse then a.b <0

5 da=|a|’=a% ab=Db.a (commutative) = a.(b+c¢)=4ab+ac (distributive)
6 db=0sdlb (a=0,b=0)
7. (ma)b=3a.m B): m (é. B) (associative) where m is scalar.

Note

()  Maximumvalueof a.b is |d||b|
()  Minimumvalue of &b is—|a||D |

(i)  Anyvector a can be written as, a= (é.i)? + (é.])] + (é.f()lz

Practice Problems :

1. Find the projection of 4=2i—j+k on b=i-2j+k.

2. If 4,b,C be three vectors such that a+b+¢=0 and |a|=3,|b|=5,|¢|=7, find the angle between
aandb.
R ~ . . .0 1. -
3. If a and b are unit vectors and 0 is the angle between them, prove that smE =7 la=b].
4. If 4,b,¢ are unit vectors such that &+ b+¢ =0 then find the value of (ab+b.c+¢.d).
5. For any vector a in space, show that (é.?)i + (é.])j + (é.f()lz =a.

6.  If a=(2i+2j+3K), b=(~i+2j+k)and ¢ = (3i +]) suchthat (3+Ab) L ¢, then find the value of A.

7. If A0, 1, 1), B(3, 1,5)-and C(0, 3, 3).be the vertices of a A ABC, show, using vectors, that A ABC is
right angled at C.

8. Show that the points A(2, -1, 1), B(1, -3, -5) and C(3, -4, —4) are the vertices of a right-angled
triangle. Also, find the remaining angles of the triangle.

9. Let (i+]+f<),(2€+5j),(3?+2]—3IA<) and (i—6]—f<) be the position vectors of points A, B, C, D
respectively. Find the angle between AB and CD. Hence, show that AB || CD.

10."  Express the vector a= (5?—2]+ 5I2) as sum of two vectors such that one is parallel to the vector

b= (3? + IA<) and the other is perpendicular to b .

11.  The dot products of a vector with the vectors (i + j—3k), (i +3j—2k) and (2i + j+4k) are 0, 5, 8
respectively. Find the vector.

12.  Findthe projection of b =2i+ 3] — 2Kk inthe direction of vector a = i + 2] +3K .Whatisthe vector
determined by the projection.
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13. If 4 =41+ 6] and b = 3] + 4k , find the vector form of the component of aand b.
14.  Let U,V,w bevectorssuchthat U+V+W =0 If |l]| = 3,|\7| =4,|\7V1 =5, then prove that the value of

d.v+v.u+w.d is- 25.

[Answers: (1) —= (2) 60°(4)-312 (6)8 (8) A =cos™| /> | and B =cos™ i (10)

J6 41 4
s I 2 on A 1= - P — 18~ 18, -~

(6i +2k) and (=i —2j+3Kk) (11) i+2j+k (12)7(I +2j+3Kk) (13) oP =?b=2—5(31+4k)]
C6D. Vector Product Of Two Vectors :
1 If Zandb are two vectors & 0 is the angle between them then dxb = | a||b|sin®f , where fi_is the unit

vector perpendicular to both dandb such that &, b&n forms a right handed screw system.
2. Geometrically | axb | = area of the parallelogram whose two adjacent sides are

represented by dandb 0
3. ixi=jxj=kxk=0jixj=k, jxk=ikxi=]

i jk
4,  Ifd=aji+a,j+ak & b=bi+b,j+byk then dxb=|a, a, a,
by b, b
5. dxb = bxa (not commutative)
6. (mé)xB = ax(mB)z m(éx B) (associative) where m is a scalar.
7. dx(b+¢)=(axb)+(@x<) (distributive)
8. dxb =0« axb are parallel (collinear) (a#0, b#0)i.e. d=Kb,whereK isascalar.
. . > ~ . axb
9. Unit vector perpendicular to the plane of @and b isn=+ axb]
ax
® A vector of magnitude ‘r’ & perpendicular to the plane of 3 and b is iiﬂl)
® If ©'is the angle between a & b then sin® =%
a

° If 4,b & € are the pv’s of 3 points A, B & C then the vector area of triangle ABC = %[ﬁx b+bx¢c+ Exé] .

The points A, B & C are collinear if axb+bx¢+cxa=0.

. . - - 1 - -

° Avrea of any quadrilateral whose diagonal vectors are d, & d, is given by 5 |dyxd, |
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®  Lagrange’s Identity : for any two vectors a and b; (3 x b)? =|a[?|b|* —(a.b)? = ?’g g;
a. .
Practice Problems :
1 Find the area of the parallelogram whose diagonals are represented by the vectors
d, =(2i—j+k) and d,(3i+4j—K) |
2. Find the area of the triangle whose adjacent sides are determined by the vectors

d=(-2i-5k) and b = (i - 2j—K) .

3. Show that the points whose position vectors are (5? + 6] + 7I2), (7? - 8} + 9I2) and (3? + 20] + 5I2) are
collinear.

4, Show that the points having position vectors (a— 2b+ 30), (—2a+ 3b+ 2¢), (-8a+ 135) are collinear,

whatever be 3, b, ¢.

5. Provethat |axb|?= aa §§ .
ab bb
6.  Provethat ax(b+¢)+bx(C+a)+Ccx(@+b)=0.
7. If a+b+c=0, prove that (xb) = (bxc)=(Cx3d).
8. Prove that the points A, B, C with position vectors 3,b,¢ are collinear if and only if

(bxT)+(cxad)+(@xb)=0.

9. If axb =¢xd and

ax¢=bxd, show that (a—d) is parallel to (b=c), it being given that &= d and
b=¢.
10. If é=?+]+l2 and B=]—I2, find a vector & suchthat &xc=band a.c=3.

[Answers : (1) %\/155 . units (2) %\/165 sg.units ]

C6E. Scalar Triple Product :
®  Thescalar triple product of three vectors a,b & € is defined as: axb.¢=|a||b||c| sin © cos ¢ where 0

isthe angle between & & b & ¢ is the angle between & x b & ¢ . It is also written as [& b €] and spelled
as box product.

® Scalar triple product geometrically represents the volume of the parallelopiped whose three coterminous
edges are represented by a4, b & ie. V=[a b ¢].

o In a scalar triple product the position of dot & cross can be interchanged i.e.
a.(bx¢)=(axb).cOR[Ab¢]=[bcd]=[cab]

° a.(bx¢)=-a.(Cxb)ie.[Abc]=-[a ¢ b]

8 a; ag
° If a=a,i+a,j+azk;b=b,i+b,j+bsk & E=cji+c,j+ck then[abc]l=b, b, b,
Ci C C3
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Ingeneral, if a=a,l +a,m+asn;b=b,l+b,M-bsn & C=c,l +c,M+cji

a; a, as
then [éBE]= b, b, b,[IMA]; where I,Mm & fi are non coplanar vectors
Ci Cp Cj

If 4,b,¢ are coplanar < [ab¢] =0.

Scalar product of three vectors, two of which are equal or parallel is 0 i.e. [abc]=0.

If 4,b,¢ are non-coplanar then [ab¢]> 0 for right handed system & [abE] <0 for left handed system.
[ijk]=1 = K[ab¢]=K[abc]=K[abi] = [(@+b)cd]=[acd]-[bcd]

The volume of the tetrahedron OABC with O as origin & the pv’s of A, B and C being &,b & ¢

respectively is given by v = %[55 c]

The position vector of the centroid of a tetrahedron in the pv’s of its vertices are 4, b, & d are given by
1. - -
Z[a+ b+c+d].

Note that this is also the point of concurrency of the lines joining the vertices to the centroids of the
opposite faces and is also called the centre of the tetrahedron. In case the tetrahedron is regular it is
equidistant from the vertices and the four faces of the tetrahedron.

Remember that : [A—bb—¢¢-a]=0 & [ad+b b+¢ ¢+a]=2[a b ¢]

Practice Problems :

Find the volume of the parallelopiped whose edges are represented by the vectors
(a) d=(2-34),b=(12-1),c=(3,-1.2)
(b) d=(2,-3,0),b=(11-1),6=(3,0,-1)

The volume of the parallelopiped whose edges are represented by — 12§ + MA<, 3] - IA<, 20+ ] — 15k
is 540. Find the value of A.
If the vectors ai + ] + lz,i+ b] +kand i+ ] +ck (a# b, c # 1) are coplanar, then prove that the

1 1
+ +
l-a 1-b 1-c

value of is 1.

If 4,b,¢ be three vectors, prove that

i) [a+b b+C c+&d]=2[a b <]
(ii) [Ai-b b-¢ ¢-3d]=0
(i) [axb bxccxa]=[abc)?

Find the volume of a parallepiped whose sides are given by : 2i —3j+4k, i +2j—k and 3i — j + 2k

Find A so that the following vectors are coplanar 2i —4j+5K, i —Aj+Kk,3i +2j—5K .
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7. Findthe volume of a parallelopiped whose sidesare given by — 3 +7j + 5k, —5i +7j -3k and 7i =5 — 3K .
8.  Provethat: [é+5 b+¢ 6+é]= 2[&56].
9.  Provethat: [é—B b—¢ 6—é]=0
10.  Findthe constant A so that the vector a = 2i - ] + 12, b=i+ 2] — 3k ,C= 30+ kj +5K are coplanar.

1. 1f X A=0,%B=0,%.C =0 forsome non-zerovector X , then prove that [A B é] =0.
[Answers : (5) 7 (6) 26/25 (7) 264]

C6F.  \ector Triple Product :

Let 4,b,¢ beanythree vectors, then the expression éx(Bxé) is a vector & is called a vector triple product.
Geometrical Interpretation of ax (B xC)

Consider the expression éx(BxE) which itself is a vector, since it is a cross product of two vectors
d&(bxc). Now ax(bx¢) isa vector perpendicular to the plane containing & (bx¢) but (bx¢) isa
vector perpendicular to the plane containing b &¢, therefore éx(BxE) isavector which lies in the plane
of bx¢ and perpendicular to a. Hence we can express ax(bxc) in terms of D&% i.e.
dx(bx¢) = Xb+yc where x & y are scalars.

° ax(bx¢c)=(a.c)b—(ab)c ° (axb)xC=(a.c)b—(b.5)a

o (axb)x ¢ #ax (bx&), in general

Practice Problems :

1. Prove that ax (bx¢)+bx (Exad)+Ex(axb)=0-

2. Ifa=2i+2j—k,b=3i—j—k and ¢=7+2j—3k, verify that dx (bxc)=(a-c)b—(a-b)c.
3. Forany non-zero vector &/, show that ix (dx 1)+ jx(@x j)+kx(@xK)= 23.

4, If &,b,¢ are three vectors, prove that (axb)x¢=ax(bx¢c) ifand only if b(¢xd)=0.

5. Giventhat a=i+2j+k,b=3i+2j—7k and ¢ =5i+6j—5k , verify that dx (bx¢) = (3.5)b - (A.b)E .

C7. Reciprocal System Of Vectors :

If 4,b,6 & &,b’,¢" are two sets of non coplanar vectors such that 4.3’ =b.b’=¢.¢’=1 then the two
systems are called Reciprocal System of vectors.

I
[opt}

Note: &= bfc p=_—X2 g 28X
[a4b¢] [abc]  [ab

ol
—

C8. Linear Combinations :

Given a finite set of vectors @,b,C............. then the vector F=xé+y5+z§+ ..... is called a linear
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combination of &,b,¢ for anyx, y, Z,........ € R. We have the following results :
@ If 4,b are non zero, non-collinear vectors then xa+yb=xa+yb=x=x;y =y’
) Fundamental Theorem : Let ,b be non-zero, non collinear vectors. Then any

vector ¥ coplanar with &b can be expressed uniquelly as a linear combinations of 3, .

(©) If 4,b,C are non-zero, non-coplanar vectors then :

xa+yb+z6=xa+yb+zc=>x=xy=y ,z=27'

(d) Fundamental Theorem In space : Let a,b,¢ be non-zero, non-coplanar vectors in space.
Then any vector 7, can be uniquly expressed as a linear combination of a, b,¢ i.e. There exist
some unique X, ¥y € R such that xé+y6+ ZC=T.

(e) If X;,X,.....X,, arennon zerovectors, &Kk, k, ........ k aren scalars & if the linear combination

17 2!

kX, +k, X, +.... kX, =0=>k; =0,k, =0.....k,, =0 then we say that vectors

(f) If X;,X,.....X, arenot LINEARLY INDEPENDENT then they are said to be LINEARLY
INDEPENDENT VECTORS i.e. if k{X; +K, X, +.....K X, =0 & if there atleast one k # 0
then X;,X,.....X, aresaid to be

Linearly Dependent :

Note 1: If K, #0;KX; +KoXy +KgXg + .+ K X, + .o+ Kk X, =0

K X, =KX KXo+ K g Xpog Ky Hot KX,

Hence X, with X;,X,,.....X,_, X, ....X,, forms a linearly dependent set of
VeCtors.
Note 2 :

If 4=3i+ 2] +5K then 3 is expressed as a Linear Combination of vectors ?, ] k forma linearly de-
pendent set of vectors. In general, every set of four vectors is a linearly dependent system.

?, ] K are Linearly Independent set of vectors. For
Kii+K,j+Kk=0=>K, =K, =K;=0

Two vectors a&b are linearly dependent = & is parallel to b i.e. axb=0 = linear dependence of

a&b . Conversely if &b then a&b are linearly independent.
Note : Test Of Collinearity :
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Three points A, B, C with position vectors a, b,¢ respectively are collinear, if & only if there exist scalars x,

y, z not all zero simultaneously such that; xé+y5+ zC=0,wherex+y+z=0.

Note : Test Of Coplanarity :
Four points A, B, C, D with position vectors a, b, ¢,d respectively are coplanar if and only if there exist

scalars x, y, z, w not all zero simultaneously such that xa+ y5+ zC+wd =0 where, x + y+z+w=0.

Practice Problems :

Let &= ?+]+IA< , b= 4i + 3] +4k and =i+ oc]+ BIA< are linearly dependent vectors and

|E| = /3, then find the value of a.and p ?
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